Introduction
Let M be a complete ÿnite-volume hyperbolic 3-manifold with cusps. Then M has an ideal triangulation
where each (z ) is an ideal tetrahedron in H 3 described by a complex number z (the tetrahedral parameter) ( [EP] and [T] ).
There are several invariants one can get from an ideal triangulation of M . The most notable one is the volume of M which is the sum of the volumes of (z ). Another invariant is k (M ), the ÿeld over the rationals generated by the tetrahedral parameters of an ideal triangulation of M . As shown in [NR1] , if M = H 3 = where is a Kleinian group of ÿnite covolume, then k (M ) coincides with the invariant trace ÿeld of generated by {tr( 2 ): ∈ }. This justiÿes the well-deÿnedness of k (M ).
In general, there are many di erent ways one can glue together given n ideal tetrahedra to form distinct 3-manifolds. It is clear that neither the volume nor k (M ) depends on gluing patterns.
In this paper we show that a sequence of subÿelds of k (M ) are welldeÿned invariants of M which re ect the gluing pattern of an ideal triangulation of M . The invariants are extracted from an analytic function deÿned on hyperbolic Dehn surgery space. Such an analytic function, studied ÿrst in [NZ] , is closely related with the way the structure of the cusps varies as the hyperbolic structure on M is deformed. Moreover, the corresponding variation of the analytic function reveals a complex-analytic relation between the volume and the Chern-Simons invariant of a hyperbolic structure on M ( [NZ] and [Y] ).
The deÿnition of the analytic function depends on the choice of a meridianlongitude pair at each cusp. For each n ∈ Z + , denote by F n the ÿeld (over the rational Q) generated by the coe cients of the terms with total degree no greater than 2n in the Taylor series of the analytic function. It turns out that each F n is a well-deÿned invariant of M , indeed an invariant of the commensurability class of M . We call F n it the n-th cusp ÿeld of M . Furthermore we show that each F n lies in k (M ), giving the sequence of the subÿelds of k (M ).
Suppose that M is the complement of a hyperbolic knot or link L in a homology sphere. Then the analytic function determined by the topological meridian and longitude of each component of L is an invariant of L. Thus the coe cients in the Taylor expansion of the analytic function give rise to a sequence of link invariants. For a general cusped hyperbolic 3-manifold M; one could choose meridian and longitude to correspond to the parabolic isometries which are two shortest linearly independent translations in each cusp torus. The analytic function with respect to such a choice deÿnes an invariant of M .
The analytic function and the cusp ÿelds can be computed from an ideal triangulation of M and the associated gluing equations readily available in Je Weeks' "Snappea" program. The proof of a proposition in Sect. 3 displays how the calculations proceed.
Given a knot in S 3 . A new knot can be obtained by taking out a tangle, ipping it over and gluing it back in. Such an operation is called mutation. The resulting knot tends to di er from the original one. It is well known that a pair of mutant knot are hard to distinguish. Indeed nearly all known invariants fail to tell them apart.
In this note, we show that the corresponding coe cients in the Taylor expansions of the analytic functions associated with a pair of mutant hyperbolic knots coincide.
We organize this note as follows. Section 2 reviews some preliminary material from [T] and [NZ] . We deÿne the cusp ÿelds of M in Sect. 3 and go on to discuss some properties of these ÿelds. In Sect. 4 we show that the analytic function, as a link invariant, can be used to distinguish many links with homeomorphic complements. We also prove that mutation preserves the corresponding coe cients in the Taylor expansions of the analytic functions of a pair of mutant hyperbolic knots.
Deformation space of hyperbolic structure and the analytic function
Suppose that M is a complete hyperbolic 3-manifold of ÿnite volume with h cusps. Then M has at least one ideal triangulation ( [EP] )
where each is an ideal tetrahedron in H 3 . As described in [T] , after ÿxing an edge, each ideal tetrahedron can be described up to isometry by a complex number z 0 with positive imaginary part such that the Euclidean triangle cut o at any vertex of by a horosphere section is similar to the triangle with vertices at 0; 1; z 0 in the complex plane.
Associated to an ideal triangulation is a system of gluing consistency relations of the form
where r and r are integers. By deforming each (z 0 ) to (z ) with Im(z ) ¿ 0 and keeping the same gluing pattern one obtains an incomplete hyperbolic structure on M . Thurston's deformation space D(M ) of the hyperbolic structure on M is the variety of (z 1 ; : : : ; z n ) ∈ C n satisfying the following gluing consistency relations
is also termed as the hyperbolic surgery space of M . For each j = 1; : : : ; h, ÿx a meridian-longitude basis (m j ; l j ) for the homology of the torus T j corresponding to a horospherical cross-section of cusp j. Denote by u j (resp. v j ) twice the logarithm of an eigenvalue of the holonomy of m j (resp. l j ). By [T] and [NZ] , D(M ) has complex dimension h and can be holomorphically parameterized by u = (u 1 ; : : : ; u h ) ∈ C h in a neighborhood of the origin in C
h . In what follows, we will denote by M u the manifold M with the hyperbolic structure parametrized by some u ∈ D(M ).
The following theorem was proved in [NZ] Theorem 2.1. In a neighborhood of the origin in C h (1) v j = u j · j (u 1 ; : : : ; u h ) where each j is an even function of its arguments; (2) There is an analytic function (u 1 ; : : : ; u h ) such that @ =@u j = 2v j and (0; : : : ; 0) = 0.
(3) (u 1 ; : : : ; u h ) is even in each argument and can be written as
Let j be the modulus of the Euclidean structure of T j with respect to (m j ; l j ). Then has the Taylor expansion (u 1 ; : : :
As shown in [NZ] , if f(u) is the variation of (u) deÿned by
where 'bar' denotes the complex conjugation. As conjectured in [NZ] and proven in [Y] , when the metric completion M u of M u is the result of a hyperbolic Dehn surgery on M ,
where k is the core geodesic of the ÿlled-in solid torus at a surgered cusp.
The cusp ÿelds of M
Let M be a complete ÿnite-volume hyperbolic 3-manifold with h cusps. Let (u) be the analytic function with respect to a meridian-longitude basis with the Taylor expansion
For each n ∈ Z + deÿne F n := Q(C n 1 ···n h ; n 1 + · · · + n h 5 2n). Thus one has a tower of ÿelds F 1 ⊆ F 2 ⊆ · · · with F 1 = Q( 1 ; : : : ; h ); · · · Proposition 3.1. Each F n is an invariant of M .
Proof. Let (m j ; l j ; j = 1; : : : ; h) and (ṁ j ;İ j ; j = 1; : : : ; h) be two meridianlongitude bases. Then one hasṁ j = j m j + ÿ j l j andİ j = j m j + j l j where
By substituting these into the series forv j and comparing the coe cients of u n 1 · · · u n h in both sides of the equation one sees inductively thatċ j; n 1 ···n h ∈ Q(c s; t 1 ···t h ; s 5 h; t 1 + · · · + t h 5 n 1 + · · · + n h ). Proposition 3.1 follows from (2.2). Q.E.D.
Thus it is clear that each F n is indeed an invariant of the commensurability class of M . We call it the n-th cusp ÿeld of M .
Suppose that M = (z Proof. By virtue of (2.2) it is enough to show that each c j; n 1 ···n h lies in Q(z 0 1 ; : : : ; z 0 n ). In the Taylor expansion for each v j one has
Therefore it su ces to show that the latter is contained in Q(z 
Then it follows from (3.4) and (3.5) that Rank I J = n.
Thus the system of the linear equations consisting of (3.4) and n =1 r z − r 1 − z @z @u j = 0: = 1; : : : ; n − h is independent and has a unique solution @z 1 @u j ; : : : ; @z n @u j ∈ Q(z 1 ; : : : ; z n ) :
it follows from (3.2) and (3.6) that @v k @u j ∈ Q(z 1 ; : : : ; z n ) :
By induction one concludes that
∈ Q(z 1 ; : : : ; z n ) ;
giving the result.
Q.E.D.
Remark. It is natural to ask whether each F n is a proper subÿeld of k (M ) = k( ). As pointed out in [NR1] , for hyperbolic knot complements, the only known examples where F 1 = Q( 1 ; : : : ; h ) is not equal to k( ) are the two dodecahedral knots of Aitchison and Rubinstein [AR] . In contrast to the case of knot complements; they are many 1-cusp orbifolds with F 1 smaller than the invariant trace ÿeld. Nevertheless the following conjecture seems to be reasonable.
Conjecture 3.3. The direct limit of F n is equal to k (M ).
The analytic function as a link invariant
Suppose that M is the complement of a hyperbolic knot or link L in an integer homology sphere. Then one can choose meridian and longitude curves at each cusp of M to be the topological meridian and longitude of each component of L.
Thus the analytic function determined by this canonical choice deÿnes a link invariant L . Such an invariant can be used to distinguish many links with homeomorphic complements. Let L be a hyperbolic link in S 3 with n components whose projection contains a portion as shown in Fig. 1a .
Denote by D the punctured disk bounded the trivial component L 1 . By cutting S
3 − L open along D, twisting it a full twist and reidentifying, one obtains a link L containing a portion as in Fig. 1b whose complement is homeomorphic to that of L.
Theorem 4.1. L is never equivalent to L.
Proof. We will use the coe cients of the second degree terms in the Taylor expansions of L and L to tell them apart.
Let
where L 1 and L 1 are the trivial components. Then a homeomorphism between S 3 − L and S 3 − L is given by a full twist t on the solid torus
By Mostow-Prasad rigidity theorem, t is homotopic to a hyperbolic isometry t between the complete, ÿnite-volume hyperbolic manifolds S 3 − L and S 3 − L . Let i be the linking number between L 1 and L i . Denote by (m i ; l i ) and (m i ; l i ) the topological meridian-longitude pairs of the i-th component of L and L . It is not hard to see (refer to [Ro] for instance) that t (hence t ) sends m 1 and l 1 to m 1 + l 1 and l 1 , m i and l i to m i and l i + 2 i m i for i = 2; : : : ; n.
Identifying S 3 − L with S 3 − L via the hyperbolic isometry t , one can think of (m i ; l i ) and (m i ; l i ) as two di erent choices of meridian and longitude bases for the same manifold. As before, let u i and v i (resp. u i and v i ) be twice the logarithm of an eigenvalue of the holonomy of m i and l i (resp. m i and l i ). Then one has In what follows, we denote by i (resp. i ) the modulus of the Euclidean structure of the torus cusp corresponding to the i-th component of L (resp. L ). To prove that L is not equivalent to L , it su ces to show that the two tubes ( 1 ; 2 ; : : : ; n ) and ( 1 ; 2 ; : : : ; n ) are not the same up to permutations. Suppose that they were, then we would have and hence
Thus 1 would be a real number. Since 1 is the modulus of the Euclidean structure of the cusp torus corresponding to the trivial component of L , it can not be a real number. This contradiction completes our proof of Theorem 4.1.
Q.E.D.
Suppose that K is a hyperbolic knot in S 3 and K a mutant of K. Then K is hyperbolic ( [Ru] ). Let m and l be the topological meridian and longitude of K. It is not hard to see that the linking number between (l) and K is 0. Thus (m) and (l) form the topological meridian and longitude of K . Denote M = S 3 − K and M = S 3 − K . Let and˜ be the analytic functions for K and K with Taylor expansions
Since @ (u)=@u = 2v and @ (ũ)=@ũ = 2ṽ, it su ces to show that c n =c n for all n ∈ Z + .
By By substituting (4.3) into (4.2) and comparing the corresponding coecients in both sides one gets Im(c n ) = Im (c n ).
Next one has the inverse expansions u = ∞ n=1 a n v n with a 1 = 1 c 1 ; a 3 = − c 3 c 4
Set p = 0. Using the inverse expansions the same argument as above yields Im (a n ) = Im(ã n ).
Using (4.4) and (4.5) with the fact that Im(c 1 )0 and Im(c 1 )0 one gets Re(c n ) =Re(c n ), completing the proof.
